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After going through this unit you will understand: 

 Algorithm design techniques 
 Dynamic programming 
 Back-tracking 
 Branch and bound 
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Algorithm design techniques are the general approaches to the construction of efficient 
solutions to problems. Such methods are of interest because: 

i) They provide templates suited to solving a broad range of diverse problems. 
ii) They can be translated into common control and data structures provided by most 

high-level languages. 
iii) The temporal and spatial requirements of the algorithms which result can be 

precisely analyzed. 

Although more than one technique may be applicable to a specific problem, it is often the case 
that an algorithm constructed by one approach is clearly superior to equivalent solutions built 
using alternative techniques. In this unit you will learn various approaches for solving any 
problem. 

2.2 Divide and Conquer 

Many algorithms are recursive in nature to solve a given problem recursively dealing with 

sub-problems. 

In divide and conquer approach, a problem is divided into smaller problems, then the smaller 

problems are solved independently, and finally the solutions of smaller problems are 

combined into a solution for the large problem. 

Generally, divide-and-conquer algorithms have three parts − 

 Divide the problem into a number of sub-problems that are smaller instances of the 

same problem. 

 Conquer the sub-problems by solving them recursively. If they are small enough, 

solve the sub-problems as base cases. 

 Combine the solutions to the sub-problems into the solution for the original problem. 

Pros and cons of Divide and Conquer Approach 

Divide and conquer approach supports parallelism as sub-problems are independent. Hence, 

an algorithm, which is designed using this technique, can run on the multiprocessor system or 

in different machines simultaneously. 

In this approach, most of the algorithms are designed using recursion, hence memory 

management is very high. For recursive function stack is used, where function state needs to 

be stored. 

Application of Divide and Conquer Approach 

Following are some problems, which are solved using divide and conquer approach. 

 Finding the maximum and minimum of a sequence of numbers 



 Strassen’s matrix multiplication 

 Merge sort 

 Binary search 

2.2.1 Max-Min Problem 
Let us consider a simple problem that can be solved by divide and conquer technique. 

Problem Statement 

The Max-Min Problem in algorithm analysis is finding the maximum and minimum value in 

an array. 

Solution 

To find the maximum and minimum numbers in a given array numbers[] of size n, the 

following algorithm can be used. First we are representing the naive method and then we will 

present divide and conquer approach. 

Naïve Method: 

Naïve method is a basic method to solve any problem. In this method, the maximum and 

minimum number can be found separately. To find the maximum and minimum numbers, the 

following straightforward algorithm can be used. 

Algorithm: Max-Min-Element (numbers[]) 

max := numbers[1] 

min := numbers[1] 

for i=2 to n do 

      if number[i] > max then 

               max :=numbers[i] 

     if number[i] < min then 

               min :=numbers[i] 

return (max, min) 

Analysis 

The number of comparison in Naive method is 2n - 2. 

The number of comparisons can be reduced using the divide and conquer approach. Following 

is the technique. 



Divide and Conquer Approach 

In this approach, the array is divided into two halves. Then using recursive approach 

maximum and minimum numbers in each halves are found. Later, return the maximum of two 

maxima of each half and the minimum of two minima of each half. 

In this given problem, the number of elements in an array is y−x+1, where y is greater than or 

equal to x. Max−Min(x, y) will return the maximum and minimum values of an 

array numbers[x...y]numbers[x...y]. 

 

Algorithm: Max –Min(x, y) 
 

If x-y ≤ 1 then 

 Return (max(numbers[x], numbers[y]), min(numbers[x], numbers[y]) 

Else 

 (max1, min1):= maxmin(x, ⌊((x+y)/2)⌋) 

 (max2, min2):= maxmin(⌊((x+y)/2)+1)⌋,y) 

Return (max(max1, max2), min(min1, min2)) 

 
Analysis 

Let T(n) be the number of comparisons made by Max−Min(x,y), where the number of 

elements n=y−x+1. 

If T(n) represents the numbers, then the recurrence relation can be represented as 
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Let us assume that n is in the form of power of 2. Hence, n = 2k where k is height of the 

recursion tree. So, 

T(n)=2.T(
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Compared to Naïve method, in divide and conquer approach, the number of comparisons is 

less. However, using the asymptotic notation both of the approaches are represented by O(n). 

 

1) Merge-sort 



In the following example, we have shown Merge-Sort algorithm step by step. First, every 

iteration array is divided into two sub-arrays, until the sub-array contains only one element. 

When these sub-arrays cannot be divided further, then merge operations are performed. 

 

 

 

Problem Statement 

The problem of sorting a list of numbers lends itself immediately to a divide-and-conquer 

strategy: split the list into two halves, recursively sort each half, and then merge the two sorted 

sub-lists. 

Solution 

In this algorithm, the numbers are stored in an array numbers[]. Here, pand q represents the 

start and end index of a sub-array. 

Algorithm: Merge-Sort (numbers[], p, r)  
if p < r then   
q = ⌊(p + q) / 2⌋  
Merge-Sort (numbers[], p, q)  
    Merge-Sort (numbers[], q + 1, r)  
    Merge (numbers[], p, q, r)  
Function: Merge (numbers[], p, q, r) 
n1 = q – p + 1  
n2 = r – q  
declare leftnums[1…n1 + 1] and rightnums[1…n2 + 1] temporary arrays  
for i = 1 to n1  
   leftnums[i] = numbers[p + i - 1]  
for j = 1 to n2  
   rightnums[j] = numbers[q+ j]  
leftnums[n1 + 1] = ∞  
rightnums[n2 + 1] = ∞  
i = 1  



j = 1  
for k = p to r  
   if leftnums[i] ≤ rightnums[j]  
      numbers[k] = leftnums[i]  
      i = i + 1  
   else 
      numbers[k] = rightnums[j]  
      j = j + 1  
 

 

 

2.3 Dynamic Programming: 

Dynamic Programming is also used in optimization problems. Like divide-and-conquer 

method, Dynamic Programming solves problems by combining the solutions of subproblems. 

Moreover, Dynamic Programming algorithm solves each sub-problem just once and then 

saves its answer in a table, thereby avoiding the work of re-computing the answer every time. 

Two main properties of a problem suggest that the given problem can be solved using 

Dynamic Programming. These properties are overlapping sub-problems and optimal 

substructure. 

2.3.1 Overlapping Sub-Problems 

Similar to Divide-and-Conquer approach, Dynamic Programming also combines solutions to 

sub-problems. It is mainly used where the solution of one sub-problem is needed repeatedly. 

The computed solutions are stored in a table, so that these don’t have to be re-computed. 

Hence, this technique is needed where overlapping sub-problem exists. 

For example, Binary Search does not have overlapping sub-problem. Whereas recursive 

program of Fibonacci numbers have many overlapping sub-problems. 

2.3.2 Optimal Sub-Structure 

A given problem has Optimal Substructure Property, if the optimal solution of the given 

problem can be obtained using optimal solutions of its sub-problems. 

For example, the Shortest Path problem has the following optimal substructure property − 

If a node x lies in the shortest path from a source node u to destination node v, then the 

shortest path from u to v is the combination of the shortest path from u to x, and the shortest 

path from x to v. 

The standard All Pair Shortest Path algorithms like Floyd-Warshall and Bellman-Ford are 

typical examples of Dynamic Programming. 



2.3.3 Steps of Dynamic Programming Approach 

Dynamic Programming algorithm is designed using the following four steps − 

 Characterize the structure of an optimal solution. 

 Recursively define the value of an optimal solution. 

 Compute the value of an optimal solution, typically in a bottom-up fashion. 

 Construct an optimal solution from the computed information. 

2.3.4 Applications of Dynamic Programming Approach 

 Matrix Chain Multiplication 

 Longest Common Subsequence 

 Travelling Salesman Problem 

 

2.3.5 Example : Travelling Salesman Problem 

 

Problem Statement 

A traveler needs to visit all the cities from a list, where distances between all the cities are 

known and each city should be visited just once. What is the shortest possible route that he 

visits each city exactly once and returns to the origin city? 

Solution 

Travelling salesman problem is the most notorious computational problem. We can use brute-

force approach to evaluate every possible tour and select the best one. For n number of 

vertices in a graph, there are (n - 1)! number of possibilities. 

Instead of brute-force using dynamic programming approach, the solution can be obtained in 

lesser time, though there is no polynomial time algorithm. 

Let us consider a graph G = (V, E), where V is a set of cities and E is a set of weighted edges. 

An edge e(u, v) represents that vertices u and v are connected. Distance between 

vertex u and v is d(u, v), which should be non-negative. 

Suppose we have started at city 1 and after visiting some cities now we are in city j. Hence, 

this is a partial tour. We certainly need to know j, since this will determine which cities are 

most convenient to visit next. We also need to know all the cities visited so far, so that we 

don't repeat any of them. Hence, this is an appropriate sub-problem. 

For a subset of cities S Є {1, 2, 3, ... , n} that includes 1, and j Є S, let C(S, j) be the length of 

the shortest path visiting each node in S exactly once, starting at 1 and ending at j. 



When |S| > 1, we define C(S, 1) = ∝ since the path cannot start and end at 1. 

Now, let express C(S, j) in terms of smaller sub-problems. We need to start at 1 and end at j. 

We should select the next city in such a way that 

C(S, j)=min C(S−{j}, i) + d(i, j) where i ∈ S and i≠ j  

 

Algorithm: Traveling-Salesman-Problem  
C ({1}, 1) = 0  
for s = 2 to n do  
   for all subsets S Є {1, 2, 3, … , n} of size s and containing 1  
      C (S, 1) = ∞  
   for all j Є S and j ≠ 1  
      C (S, j) = min {C (S – {j}, i) + d(i, j) for i Є S and i ≠ j}  
Return minj C ({1, 2, 3, …, n}, j) + d(j, i)  

Analysis 

There are at the most 2n.n sub-problems and each one takes linear time to solve. Therefore, 

the total running time is O(2n.n2). 

Example 

In the following example, we will illustrate the steps to solve the travelling salesman problem. 

 
 

 

 

 

 

From the above graph, the following table is prepared. 



S = Φ 
Cost(2,Φ,1)=d(2,1)=5 

Cost(3,Φ,1)=d(3,1)=6 

 Cost(4,Φ,1)=d(4,1)=8  

S = 1 
Cost(i,s)=min{Cost(j,s–(j))+d[i,j]}  

Cost(2,{3},1)=d[2,3]+Cost(3,Φ,1)=9+6=15 

Cost(2,{4},1)=d[2,4]+Cost(4,Φ,1)=10+8=18 

Cost(3,{2},1)=d[3,2]+Cost(2,Φ,1)=13+5=18 

Cost(3,{4},1)=d[3,4]+Cost(4,Φ,1)=12+8=20 

Cost(4,{3},1)=d[4,3]+Cost(3,Φ,1)=9+6=15 

Cost(4,{2},1)=d[4,2]+Cost(2,Φ,1)=8+5=13 

S = 2 

Cost(2,{3,4},1)= 
d[2,3] + Cost(3, {4},1) = 9 + 20 = 29

d[2,4] + Cost(4, {3},1) = 10 + 15 = 25 = 25
=25 

                                    

Cost(3,{2,4},1) = 
d[3,2] + Cost(2, {4},1) = 13 + 18 = 31
d[3,4] + Cost(4, {2},1) = 12 + 13 = 25

= 25 

 

 
1 2 3 4 

1 0 10 15 20 

2 5 0 9 10 

3 6 13 0 12 

4 8 8 9 0 



Cost(4,{2,3},1) = 
d[4,2] + Cost(2, {3},1) = 8 + 15 = 23
d[4,3] + Cost(3, {2},1) = 9 + 18 = 27

=23 

 

S = 3 

Cost(1,{2,3,4},1)= 
d[1,2] + Cost(2, {3,4},1) = 10 + 25 = 35
d[1,3] + Cost(3, {2,4},1) = 15 + 25 = 40

d[1,4] + Cost(4, {2,3},1) = 20 + 23 = 43
= 35 

The minimum cost path is 35. 

Start from cost {1, {2, 3, 4}, 1}, we get the minimum value for d [1, 2]. When s = 3, select the 

path from 1 to 2 (cost is 10) then go backwards. When s = 2, we get the minimum value for d 

[4, 2]. Select the path from 2 to 4 (cost is 10) then go backwards. 

When s = 1, we get the minimum value for d [4, 2] but 2 and 4 is already selected. Therefore, 

we select d [4, 3] (two possible values are 15 for d [2, 3] and d [4, 3], but our last node of the 

path is 4). Select path 4 to 3 (cost is 9), then go to s = Φ step. We get the minimum value for d 

[3, 1] (cost is 6). 

 

 

 

 

2.4 Greedy Algorithm: 

Among all the algorithmic approaches, the simplest and straightforward approach is the 

Greedy method. In this approach, the decision is taken on the basis of current available 

information without worrying about the effect of the current decision in future. 

Greedy algorithms build a solution part by part, choosing the next part in such a way, that it 

gives an immediate benefit. This approach never reconsiders the choices taken previously. 

This approach is mainly used to solve optimization problems. Greedy method is easy to 

implement and quite efficient in most of the cases. Hence, we can say that Greedy algorithm 

is an algorithmic paradigm based on heuristic that follows local optimal choice at each step 

with the hope of finding global optimal solution. 

In many problems, it does not produce an optimal solution though it gives an approximate 

(near optimal) solution in a reasonable time. 



2.4.1 Components of Greedy Algorithm 

Greedy algorithms have the following five components − 

 A candidate set − A solution is created from this set. 

 A selection function − Used to choose the best candidate to be added to the solution. 

 A feasibility function − Used to determine whether a candidate can be used to 

contribute to the solution. 

 An objective function − Used to assign a value to a solution or a partial solution. 

 A solution function − Used to indicate whether a complete solution has been reached. 

2.4.2 Areas of Application 

Greedy approach is used to solve many problems, such as 

1) Kruskal’s Minimum Spanning Tree (MST): In Kruskal’s algorithm, we create a MST by 

picking edges one by one. The Greedy Choice is to pick the smallest weight edge that doesn’t 

cause a cycle in the MST constructed so far. 

 

2) Prim’s Minimum Spanning Tree: In Prim’s algorithm also, we create a MST by picking 

edges one by one. We maintain two sets: set of the vertices already included in MST and the 

set of the vertices not yet included. The Greedy Choice is to pick the smallest weight edge that 

connects the two sets. 

 

3) Dijkstra’s Shortest Path: The Dijkstra’s algorithm is very similar to Prim’s algorithm. The 

shortest path tree is built up, edge by edge. We maintain two sets: set of the vertices already 

included in the tree and the set of the vertices not yet included. The Greedy Choice is to pick 

the edge that connects the two sets and is on the smallest weight path from source to the set 

that contains not yet included vertices. 

 

4) Huffman Coding: Huffman Coding is a loss-less compression technique. It assigns 

variable length bit codes to different characters. The Greedy Choice is to assign least bit length 

code to the most frequent character. 

2.4.3 Where Greedy Approach Fails 

In many problems, Greedy algorithm fails to find an optimal solution, moreover it may 

produce a worst solution. Problems like Travelling Salesman and Knapsack cannot be solved 

using this approach. 

Example: Kruskal’s Minimum Spanning Tree (MST) 



Given a connected and undirected graph, a spanning tree of that graph is a subgraph that is a 
tree and connects all the vertices together. A single graph can have many different spanning 
trees. A minimum spanning tree (MST) or minimum weight spanning tree for a weighted, 
connected and undirected graph is a spanning tree with weight less than or equal to the weight 
of every other spanning tree. The weight of a spanning tree is the sum of weights given to each 
edge of the spanning tree. 
 
How many edges does a minimum spanning tree has? 
A minimum spanning tree has (V – 1) edges where V is the number of vertices in the given 
graph. 
 
Below are the steps for finding MST using Kruskal’s algorithm. 

Step 1. Sort all the edges in non-decreasing order of their weight. 

Step 2. Pick the smallest edge. Check if it forms a cycle with the spanning tree formed so far. 
If cycle is not formed, include this edge. Else, discard it. 

Step 3. Repeat step2 until there are (V-1) edges in the spanning tree. 

The algorithm is a Greedy Algorithm. The Greedy Choice is to pick the smallest weight edge 
that does not cause a cycle in the MST constructed so far. Let us understand it with an example: 
Consider the below input graph. 

 

 

The graph contains 9 vertices and 14 edges. So, the minimum spanning tree formed will be 
having (9 – 1) = 8 edges. 

After sorting: 

 

Weight Src Dest 

1 7 6 

2 8 2 

2 6 5 

4 0 1 

4 2 5 

6 8 6 

7 2 3 



7 7 8 

8 0 7 

8 1 2 

9 3 4 

10 5 4 

11 1 7 

14 3 5 

 

Now pick all edges one by one from sorted list of edges 

1.Pick edge 7-6: No cycle is formed, include it. 

 

 

2. Pick edge 8-2: No cycle is formed, include it. 
 

 
 
3. Pick edge 6-5: No cycle is formed, include it. 

 

 
 
4. Pick edge 0-1: No cycle is formed, include it. 

 

 
 
5. Pick edge 2-5: No cycle is formed, include it. 



 

 
 
6. Pick edge 8-6: Since including this edge results in cycle, discard it. 
 
7. Pick edge 2-3: No cycle is formed, include it. 

 

 
 
8. Pick edge 7-8: Since including this edge results in cycle, discard it. 
9. Pick edge 0-7: No cycle is formed, include it. 

 

 
 
10. Pick edge 1-2: Since including this edge results in cycle, discard it. 
 
11. Pick edge 3-4: No cycle is formed, include it. 

 

 
 
Since the number of edges included equals (V – 1), the algorithm stops here. 

 

2.5 Backtracking 



Backtracking is an approach to problem solving which is usually applied to constraint 
satisfaction problems like puzzles. In a backtracking solution, a search path is followed and the 
algorithm backtracks at a particular point ( also known as decision point ) in the path as soon 
as it realizes that this path won't lead to a valid solution and then it follows another path starting 
from a previous decision point. In this way, different paths are repeatedly explored to arrive at 
the final solution. 

Consider the problem of solving a sudoku. A naive algorithm will try to find every possible 
arrangement of numbers and checks if the problem can be solved with a particular arrangement 
but the backtracking algorithm provides a much better and efficient solution.  

Backtracking is basically a refinement of the brute-force approach in which the solution to a 
problem is found using systematic search rather than trying out possible solutions blindly. 
Let's solve N-Queens problems using backtracking approach. 

In chess, a queen can move as far as she pleases, horizontally, vertically, or diagonally. A chess 
board has 8 rows and 8 columns. The standard 8 by 8 Queen’s problem asks how to place 8 
queens on an ordinary chess board so that none of them can hit any other in one move. 

In this approach we will see the basic solution with O(N^2) extra space we will improve it 
further to O(N) space.  
 Create a solution matrix of the same structure as chess board. 
 Whenever place a queen in the chess board, mark that particular cell in solution matrix. 
 At the end print the solution matrix, the marked cells will show the positions of the 

queens in the chess board. 
Algorithm: 
1. Place the queens column wise, start from the left most column 
2. If all queens are placed. 

1. Return true and print the solution matrix. 
3. Else 

1. Try all the rows in the current column. 
2. Check if queen can be placed here safely if yes mark the current cell in solution 

matrix as 1 and try to solve the rest of the problem recursively. 
3. If placing the queen in above step leads to the solution return true. 
4. If placing the queen in above step does not lead to the solution, BACKTRACK, 

mark the current cell in solution matrix as 0 and return false. 
4. If all the rows are tried and nothing worked, return false and print NO SOLUTION. 

 

2.6 Branch and Bound: 

Branch and bound is an algorithm design paradigm which is generally used for solving 
combinatorial optimization problems. These problems typically exponential in terms of time 
complexity and may require exploring all possible permutations in worst case. Branch and 
Bound solve these problems relatively quickly. 

Let us consider below 0/1 Knapsack problem to understand Branch and Bound. 



Given two integer arrays val[0..n-1] and wt[0..n-1] that represent values and weights 
associated with n items respectively. Find out the maximum value subset of val[] such that sum 
of the weights of this subset is smaller than or equal to Knapsack capacity W. 

Let us explore all approaches for this problem. 

1. A Greedy approach is to pick the items in decreasing order of value per unit weight. 
The Greedy approach works only for fractional knapsack problem and may not produce 
correct result for 0/1 knapsack. 

2. We can use Dynamic Programming (DP) for 0/1 Knapsack problem. In DP, we use a 
2D table of size n x W. The DP Solution doesn’t work if item weights are not 
integers. 

3. Since DP solution doesn’t alway work, a solution is to use Brute Force. With n items, 
there are 2n solutions to be generated, check each to see if they satisfy the constraint, 
save maximum solution that satisfies constraint. This solution can be expressed as tree. 
 

 
 

4. We can use Backtracking to optimize the Brute Force solution. In the tree 
representation, we can do DFS of tree. If we reach a point where a solution no longer 
is feasible, there is no need to continue exploring. In the given example, backtracking 
would be much more effective if we had even more items or a smaller knapsack 
capacity. 



 
 

 
5. Branch and Bound: 

The backtracking based solution works better than brute force by ignoring infeasible 
solutions. We can do better (than backtracking) if we know a bound on best possible 
solution subtree rooted with every node. If the best in subtree is worse than current best, 
we can simply ignore this node and its subtrees. So we compute bound (best solution) 
for every node and compare the bound with current best solution before exploring the 
node. 

Example bounds used in below diagram are, A down can give $315, B down can 
$275, C down can $225, D down can $125 and E down can $30. In the next article, we 
have discussed the process to get these bounds. 
 
 



 
 
 

Branch and bound is very useful technique for searching a solution but in worst case, we 
need to fully calculate the entire tree. At best, we only need to fully calculate one path 
through the tree and prune the rest of it. 

 

2.7 Summary 

This unit explained the various design techniques for solving any problem. In particular we 
talked about the divide and conquer, dynamic programming, greedy algorithm, backtracking, 
branch and bound. The unit introduced the travelling salesman problem and its solution. You 
also learnt about the knapsack problem. You saw the different approach for solving knapsack 
problem. 

 

 

 

 

2.8 Questions 

1. Write and explain an algorithm to search an item in array using divide and 
conquer strategy. Analyze the worst case and average case complexity. 

2. Explain Kruskal’s Minimum Spanning Tree with example. 
3. Write short notes on greedy approach. Also explain the pros and cons of using 

greedy approach and its various applications. 
4. Explain different strategies applied for traveling sales person’s problem. 

2.9 Suggested Reading: 



1. Introduction to Algorithms by Charles E. Leiserson, Clifford Stein, 
Ronald Rivest, and Thomas H. Cormen. 

 


